We show the presence of a diffeomorphism anomaly in the classical Liouville theory. This is consistent with the fact that this theory has a nontrivial classical central charge. We find the most general structure of the Virasoro algebra. The value of the central charge, however, remains the same as reported in the literature.
where A h is the area of the horizon. In this context, the classical Liouville theory [4] has gained considerable importance owing to the work of Solodukhin [5] . He showed that the computation of the black hole entropy can be carried out at the classical level. He observed that the 4-dimensional Einstein-Hilbert action can be reduced to an effective 2-dimensional theory, with fixed boundary conditions on the horizon, by performing a dimensional reduction with the ansatz of spherical symmetry and writing the metric in conformally flat form. This action can then be transformed to a form similar to the classical Liouville theory which in turn admits a Virasoro algebra near the horizon with a nontrivial classical central charge. The computation of this central charge then allows to determine the black hole entropy from the Cardy formula [6] . This approach was then used to study thermodynamic properties of black hole with a bifurcate killing horizon [7] . However, it is a well known fact from general field theoretic considerations [8, 9] that a central charge is related to diffeomorphism anomaly manifested as a nonconservation of the energy-momentum tensor. This relation is discussed from quantum considerations. The central charge and the diffeomorphism anomaly reveal different manifestations of the same phenomenon -a breakdown of classical symmetry upon the process of quantisation. Since the central charge is obtained [5, 7] in a classical Liouville theory, a natural question that arises is whether, in such a theory, there is a diffeomorphism anomaly. The principal objective of this paper is to show that this is indeed true.
In this paper, we show explicitly that if we consider terms in the expansion of the metric, near the horizon, beyond leading order, then it leads to a diffeomorphism anomaly which is compatible with the fact that the theory has a nontrivial classical central charge. The computation of this anomaly has in fact been done to all orders.
To begin with, we consider a four-dimensional spherically symmetric metric of the form
where γ ab (x 0 , x 1 ) is the metric on an effective 2-d spacetime M 2 with coordinates (x 0 , x 1 ). We now start from the four-dimensional Einstein-Hilbert action defined by
Considering the above action on the class of spherically symmetric metrics (2), we obtain an effective twodimensional theory described by the action
where Φ = rG −1/2 and R (2) is the two-dimensional scalar curvature. This action represents dilaton gravity in two dimensions with r playing the role of dilaton field.
The above action can now be transformed to a form similar to that of the Liouville theory [4] 
with the aid of the following transformations
where Φ h = r h G −1/2 is the classical value of the field Φ at the horizon. Varying the above action with respect to the metricγ ab , we obtain the constraints
The theory of the scalar field φ described by the action (5) is not conformal in general. However, the theory becomes conformal when considered in the vicinity of the horizon. The 2-dimensional metric there takes the form
where g(x = x h ) = 0 defines the location of the event horizon x h in the Schwarzschild coordinates (t, x). It is now convenient to use the coordinate
Making a near horizon expansion of g(
and using g ′ (x h ) = 2/β h , where β h is a constant related to the surface gravity of the horizon, we find
so that the vicinity of the horizon ((x − x h ) is small) looks as a region of infinite negative z. The metric function (8)
exponentially vanishes at the horizon. The constraints (7) expressed in (t, z) coordinates read
where the 'dot' represents derivative with respect to time and 'prime' represents derivative with respect to x. In the light cone coordinates x + = t + z and x − = t − z, we have
T −− = T 00 − T 0z
Note that since we are interested in the region near the horizon (large negative z), we have neglected terms proportional to g(z)U (φ). The imposition of the horizon condition [10]
implies that r and φ are functions of only one light cone coordinate which means that only one set of modes (left or right) contributes [5, 7] . We take r and φ to be functions of x + = t + z and hence it is T ++ which contributes. In the following analysis, we therefore consider T ++ only. The Ward identity for the energy-momentum tensor (7) reads
The conservation of the energy-momentum tensor implies that the right hand side of the above equation vanishes whereas when A b is nonzero, we say that the energy-momentum tensor is anomalous. In light cone coordinates, the Ward identity (17) reads
where
. Now we set out to compute the left hand side of the above identity (18) which we can write as
Using Hamilton's equation of motion, we have
where the Hamiltonian H is given by
It can easily be checked by using the canonical Poisson brackets obtained from the action (5)
that this Hamiltonian H gives the correct equation of motion for the field φ :
Now we look at the second term in the right hand side of (19) :
where P is given by
and needs to be identified as the canonical momentum 1 since it generates the usual transformation of the field φ :
Substituting (20) and (24) in (19) and using (14) and (22), we obtain
The above expression clearly shows that the energy-momentum tensor is not conserved and is in fact anomalous. The anomaly is given by the right hand side of the above expression :
To further elucidate the structure of this anomaly, we use the near horizon expansion of g(x) given in (10) . Then the anomaly reads :
It is important to note that this anomaly would vanish if we had kept only the leading term O((x − x h )) in the near horizon expansion (10) of g(x). However, once we retain terms beyond the leading order in the near horizon expansion of g(x), we observe that the energy-momentum tensor is anomalous. This is the main result of this paper. We now move on to investigate the Virasoro algebra. The Virasoro generator is defined as [5] 
To compute the algebra among the Virasoro generators, we need to obtain the algebra among the lightcone components of the energy-momentum tensor which reads :
From the above algebra, we compute the algebra between the Virasoro generators which yields :
with the central charge c = 3πq
h . This is the most general structure of the Virasoro algebra in the classical Liouville theory. The above expression reduces to the standard result [5] if we keep terms to the leading order only in the near horizon expansion of g(x) (10)
Discussions :
In this paper, we have observed that in order to reveal the full anomalous structure of the classical Liouville theory, it is necessary to keep terms beyond the leading order in the near horizon expansion of the metric. This is in contrast to the investigations made earlier in the literature [5] where the leading order terms in the near horizon expansion led to a nontrivial central charge (without diffeomorphism anomaly) sufficient to compute the black hole entropy. Once we go beyond the leading order, the diffeomorphism anomaly is obtained while a more general form for the Virasoro algebra is revealed. The existence of a diffeomorphism anomaly which is predicted from anomalous commutators in quantum field theory, therefore, has an exact analogue in the classical Liouville theory.
